The scalar particle production through a scalar field non-minimally coupled with geometry is investigated in the context of a spatially homogeneous and isotropic universe. In this paper, in order to study the evolution of particle production over time in the case of analytical solutions, we focus on a simple Horndeski theory. We first suppose that the universe is dominated by a scalar field and derive the energy conservation condition. Then from the thermodynamic point of view, the macroscopic non-conservation of the scalar field energy-momentum tensor can be explained as an irreversible production of the scalar particles. Based on the explanation, we obtain a scalar particle production rate and the corresponding entropy. Finally, since the universe, in general, could be regarded as a closed system satisfying the laws of thermodynamics, we naturally impose some thermodynamic constraints on it. The thermodynamic properties of the universe can provide additional constraints on the simple Horndeski theory. *
I. INTRODUCTION
Exact tests of the equivalence principle have never ceased [1] [2] [3] [4] [5] (refer to Ref. [6] for the latest review). Since there have always been researches and observations claiming that violation of the equivalence principle may be really reasonable [3, 4, 7, 8] , the modified gravity theories with violation of the equivalence principle are not only alive but also have attracted increasing attention.
For example, in recent years, a kind of modified gravity theory taking into account non-minimal couplings between geometry and matter has become one of the mainstream modified gravity theories (a detailed introduction can be found in Ref. [9] ).
Early applications of the non-minimal couplings of matter with gravity were mainly to solve the cosmological constant problem [10, 11] and accelerated expansion of the universe [12, 13] .
Later, Bertolami and coworkers pointed out that if there is a non-minimal coupling of matter to a function of curvature, the trajectory of a test particle in gravitational field will be non-geodesic.
The effect of the non-minimal coupling is equivalent to an extra force on the test particle [14] .
In the same year, Faraoni studied the stability condition for the gravity theory [15] . Since then, related researches mainly focus on galactic rotation curves [16] [17] [18] , accelerated expansion [19] [20] [21] and thermodynamics [22] [23] [24] [25] . Recently, this kind of modified gravity theory was injected new vitality because of the researches on particle production [24, 26, 27 ] (we will come back to this point later).
The idea that elementary particles may be created during the evolution of the universe can be dated back to the middle of last century. In 1948, Bondi, Gold [28] and Hoyle [29] suggested, independently, that the universe inevitably possesses a continuous particle production during the process of expansion, which is based on the hypothesis of Dirac [30] . They found that the rate of particle production can hardly be observed directly in their models. In the late 1960s and early 1970s, Parker did a lot of work on the mechanism of particle production from a microscopic point of view [31] [32] [33] . He systematically studied the relation between elementary particles and gravitational field, and pointed out that the production of elementary particles mainly occurred at the early stage of the universe. During the same period, Tyron [34] and Fomin [35] also independently proposed an interesting approach to create universe or particles, in which our universe comes from a fluctuation of the vacuum. After that, most studies on particle production were related to the applications in cosmology [36] [37] [38] [39] [40] [41] [42] .
By the mid-1980s, Prigogine et al., for the first time, considered the correlation between matter and entropy by incorporating the entropy of particle production into Einstein's field equations [43] [44] [45] . Applying the result in conjunction with the second law of thermodynamics to cosmology, they found it could address the singularity problem of the universe through an irreversible particle production. Soon, Calvão and collaborators indicated that as long as the specific entropy is not a constant, particles can also be annihilated while the universe satisfies the entropy increase principle [46] . Since particle production behaves as a negative pressure term in Einstein's field equations, some researchers also used particle production to generate inflation [47] [48] [49] [50] [51] [52] [53] and to explain current cosmic acceleration [54] [55] [56] [57] [58] [59] .
Recently, particle production based on different mechanisms has entered a new development.
In Refs. [24, 26] , the authors considered a non-minimal coupling of matter with functions of curvature in the context of the universe. Combining with the thermodynamic properties of the universe, they defined a particle production rate and the corresponding entropy. Then, the particle production rate, production pressure and entropy can be given by abstract expressions with the matter Lagrangian and the functions of curvature. According to the second law of thermodynamics of the isolated system (dS /dt > 0) and the common sense that a macroscopic isolated system always tends spontaneously to thermodynamic equilibrium (d 2 S /dt 2 < 0), they briefly discussed how to use these requirements to restrict particle production.
In this paper, we follow Harko's works and continue to study particle production in the context of the universe. Since it is not necessary to demand that the universe tends to equilibrium state at the early and middle stages, we modify the thermodynamic equilibrium condition
. When the solution of the scale factor does not represent the late stage of the universe, the equilibrium condition can be ignored. We consider a specific matter (scalar field) coupling with geometry. The benefit and motivation are that one can obtain a non-conservative expression of the matter energy-momentum tensor directly from the equation of motion of the matter, and further study could be done in the case of analytical solutions. It also makes up for the shortcoming of previous works, in which it is inconvenient to study the evolution of the entropy at all stages of the universe.
To investigate particle production in the case of analytical solutions, we consider a simple Horndeski theory, which only contains second order derivatives in the equations of motion [61] . We hope that there will be some new constraints on the coupling coefficients in the simple Horndeski theory by studying the thermodynamic properties of the universe.
The organization of this paper is as follows. In Sec.2, a simple Horndeski theory as our major research object is introduced. In Sec.3, we calculate abstract expression of particle production rate from the point of view of thermodynamics. In Sec.4, we solve the equations of motion and constrain the coupling parameters with the laws of thermodynamics. In Sec.5, we briefly discuss the entropy of the apparent horizon. Conclusion and discussion are drawn in last section.
II. A SIMPLE HORNDESKI THEORY
We consider a spatially homogeneous and isotropic Friedmann-Robertson-Walker (FRW) metric, which is given by
Here, a(t) denotes a scale factor, which is a function of the cosmic time t, and γ i j is the metric of a locally homogeneous three-dimensional space with constant curvature k. For simplicity, we only discuss the case of k = 0 in this paper.
According to Harko's works [24, 26] , particle production could be achieved through a nonminimal coupling between matter and geometry. As we know, the Horndeski theory is a theory of gravity non-minimally coupled to a scalar field and it also guarantees that equations of motion are second order [61] . In order to research particle production in the presence of analytical solutions, we consider a simple Horndeski theory. As a toy model, the action that should be as simple as possible and also representative. In a system of units with 8πG = c = 1, the action that we pick out from the whole action of the Horndeski theory has the form
where
is the Lagrangian density of the scalar field, and λ 1 and λ 2 are real parameters. For a cosmological model with the FRW metric (1), the scalar field φ only depends on the cosmic time,
In what follows, a dot over any quantity denotes a derivative with respect to the cosmic time. Note that we neglect other matter fields since they minimally couple to geometry.
Though this assumption is not very realistic, it is helpful to simplify the issues that we will discuss and to get analytical solutions.
The energy-momentum tensor of the scalar field is defined as
Then, the energy density and pressure of the scalar field are given by
The energy conservation law of the scalar field indicates that T µν , in most cases, should satisfy the following relation:
The variations of the action (2) with respect to g µν and φ lead to the following field equations
where H =ȧ(t)/a(t) is the Hubble parameter,
, and
(ρ φ +ṗ φ ) into Eq. (6b), we havė
Note that Eq. (7) can also be derived from Eq. (6a). But if we start from Eq. (6a), there will be a lot of trouble. In Refs. [24, 26, 27] , there is no explicit equation corresponding to Eq. (6b) since the Lagrangian of the matter is abstract. To obtain the similar equation, one can only proceed from the gravitational field equations.
The energy conservation condition of the scalar field (which guarantees
When λ 1 = 0, the energy conservation condition is 6λ 2 H 2 +¨a a Ḟ (φ) = 0. IfḞ(φ) = 0, there is only minimal coupling between the scalar field and geometry. In this case, the energy-momentum tensor of the scalar field naturally satisfies Eq. (5). IfḞ(φ) 0, we need H 2 +¨a a = 0, for which the solution of the scale factor is a(t) = c 1 √ 2t − c 2 , where c 1 and c 2 are constants. Similarly, when λ 2 = 0, to guarantee energy conservation of the scalar field, we need (
It is worth mentioning that since we have defined the scalar field energy-momentum tensor by Eq. (3), in general, if there exists a non-minimal coupling between the scalar field and geometry, there must be energy exchange between the scalar field and "space-time" (energy exchange is certainly not equal to zero). But when the energy conservation condition is satisfied, apparently there is no energy flowing into or out of the scalar field. How do we explain this seemingly contradictory description? We can assume that as long as there exists a non-minimal coupling between the scalar filed and geometry, all energy of the scalar field (including kinetic energy and potential energy) can exchange with "space-time". In general, the overall exchange of energy is not equal to zero. However, when the evolutions of the scalar field and background space-time satisfy a particular condition, i.e., the energy conservation condition, the total amount of energy exchange exactly vanishes. The "space-time" can be considered as a medium, whose role is to achieve internal energy exchange between the potential energy and kinetic energy of the scalar field.
III. PARTICLE PRODUCTION FROM THE POINT OF VIEW OF THERMODYNAMICS
In this section, we study thermodynamic properties of an "open universe" in a simple Horndeski theory. Here, the "open universe" that we study is actually a closed universe according to the traditional sense of thermodynamics and we could assume that the boundary of the closed universe is the apparent horizon.
The word "open" just means that the objects in an isolated system can exchange energy with the background space-time. Now we start from the point of view of thermodynamics and then define the scalar particle production rate.
For a homogeneous and isotropic universe which contains N particles in a volume V = a 3 (we suppose the universe is a perfect fluid), the second law of thermodynamics requires [44] 
Here, n = N/V is the particle number density and dQ/dt is the rate of heat transfer into or out of the universe. The parameter p is the sum of pressure of all particles in the universe and ρ is the corresponding energy density. Due to the cosmological principle, the universe is normally regarded as an adiabatic system, i.e, dQ/dt = 0. Therefore, in the following we ignore heat transfer during the evolution of the universe. Note that "adiabatic system" is not incompatible with "open universe". Here again, the "open" means the interaction between matter and background spacetime, which leads to non-conservation of the matter but the whole energy of the universe should be conserved.
For further simplification, we assume that in such an adiabatic universe there exists a class of scalar particles, for example quintessence [62] [63] [64] , which almost has no interaction with other particles. We focus on this kind of scalar particles and ignore other ones. In addition, the bulk viscous pressure and viscous dissipation of the energy-momentum tensor of the scalar field are also neglected in our model. So, in a comoving reference frame the scalar field energy-momentum tensor can be given as
where U µ is the four-velocity of a comoving observer satisfying U µ U µ = −1 and ∇ ν U µ U µ = 0. We reformulate Eq. (9) in an equivalent forṁ
When the total number of salar particles is a constant, i.e.,ṅ + 3Hn = 0, energy conservation holds for the scalar field. Ifṅ + 3Hn 0, from the point of view of thermodynamics the total number of the scalar particles is not conserved. In other words, there exists scalar particle production or annihilation. Comparing this equation with Eq. (7), in the presence of coupling between geometry and scalar field, the non-conservation of energy of the scalar field can be explained as scalar particle production or annihilation.
We define a scalar particle production rate Γ φ (Γ φ < 0 means annihilation) as [24, 26] n + 3Hn = Γ φ n.
For the simple Horndeski theory, the scalar particle production rate is given by
Giving any solution of Eq. (6), we can get the evolution of Γ φ over the cosmic time.
Then, we need to calculate the entropy of the scalar particles. We ignore the entropy of the spcae-time and the apparent horizon. So the total entropy of the universe is just relevant to the scalar particles. The differential expression of the total entropy consists of two parts:
where dS f represents entropy flow and dS c is entropy production. For a stable thermodynamic system without particle production, if it has no energy exchange with outside, we have dS f = 0, dS c = 0 and, therefore, dS in = 0. For the system we study, since it could be regarded as an isolated system, only dS f vanishes. So the total entropy can be expressed as [24, 26, 44, 45] (we suppose that the specific entropy of the scalar particle is a constant)
where n φ is the particle number density of the scalar particles. With any given Γ φ , S in can be expressed as a function of the cosmic time.
IV. THERMODYNAMIC CONSTRAINTS ON THE SIMPLE HORNDESKI THEORY
In this section, we need to solve the field equations analytically and re-express the scalar particle production rate and the corresponding entropy as functions of the cosmic time. Utilizing the constraints from the laws of thermodynamics we get new constraints on the parameters of the simple Horndeski theory.
Let us retrospect Eq. (6), which can be rewritten as
Since the universe has different equations of state in different epochs, we prefer to choose three extreme cases (dust, radiation, and vacuum energy) to solve our field equations. However, if the scale factor is given in advance, it might be difficult to obtain solutions of other variables. To make the discussion more abundant if there exist other special analytical solutions, we will also study them.
A. λ 1 = 0 and λ 2 0
a(t) ∝ e ht
Let us first study the case λ 1 = 0 and λ 2 0. For the stage of inflation or the epoch when the universe is dominated by the vacuum energy, the scale factor grows exponentially with time, i.e., a(t) ∝ e ht (h > 0 is a constant). In this situation we find that the solutions of other variables are trivial:
where c i (i = 1, 2, 3) are constants. The action (2) degenerates into the case of minimal coupling gravity and the corresponding scalar particle production rate Γ φ is naturally equal to 0.
a(t) ∝ t n (t 3/4)
For the dust universe and radiation universe, since their scale factors are all polynomials, we can suppose a(t) ∝ t n (n = 2/3 indicates dust and n = 1/2 radiation) to solve them simultaneously.
As for other values of n, we discuss some special cases.
We first consider a(t) ∝ t n (n > 0 and n 3/4), which results in the following solutions
where b 1 and b 2 are constants and b 1 λ 2 + 1 < 0. Since the solution of F(φ) is a constant, no matter what value n takes, there is no coupling between the scalar field and geometry, which leads to
When we solve the field equations with a(t) ∝ t n , we find that a(t) ∝ t 3/4 is a special case. The V(φ), φ(t) and F(φ) just need to satisfy two equations:
−4t
With any given F(φ), we can obtain φ(t) and V(φ) from Eq. (18) . If F(φ) is not a constant function, there may exist non-zero particle production rate. For the sake of simplicity, we take F(φ) = c 1 t+c 2
and then obtain the following solution
where 2c 2 λ 2 + 2 > 0 and c 1 λ 2 < 0. The range of the parameter t is t > 2c 2 λ 2 +2 −c 1 λ 2 > 0. Taking these solutions into the expression of Γ φ , we have a non-zero particle production rate:
Note that for an adiabatic process in a closed thermodynamic system, the irreversible particle production described by Eq. (9) can be rewritten as an effective conservation equation:
Here, we define a new thermodynamic quantity p φ , which denotes the production pressure of the scalar particles. Considering solutions (19) , p φ is given as
In fact, in some literatures about particle production, the negative production pressure could be used to explain the accelerated expansion of the universe (see early discussions in Refs. [45, 46, 65] ). Through a simple calculation, the total pressure of the scalar particles is given by
Therefore, as long as the parameters are appropriate, the total pressure can be negative and lead to an accelerated expansion. Now we calculate the total entropy S in (inside of the apparent horizon) of the system and study its evolution. Plugging the particle production rate (20) into Eq. (14), the total entropy can be rewritten as
Then we have
where S in (t 0 ) is the total entropy at time t 0 .
The second law of thermodynamics states that in a closed thermodynamic system every real process must lead to increase of the entropy of the system. In this model with geometry coupling to a scalar field, the space-time background could be considered as a source of energy. From the scalar field point of view, the energy is not conserved. A practical observable effect is the change of the particle number density, which should satisfy the principle of entropy increase. In consideration of the second law of thermodynamics, the total entropy S in (t) needs to satisfy
Because the total entropy of the system is always non-negative at any time, we have S in (t 0 ) > 0.
The above constraint condition is equivalent to
In fact, we have already given this constraint under Eq. (19) , which means that the constraint from the second law of thermodynamics on the coupling parameter λ 2 is not more stringent than the constraint from the solution (19) itself.
Moreover, for a closed thermodynamic system, the thermodynamic state tends, inevitably, toward macroscopic equilibrium. In other words, all the macroscopic variables of a closed thermodynamic system always spontaneously approach to constants as time goes on, which implies that there is another constraint on the total entropy S in (t), i.e.,S in (t → ∞) → 0. [76] In this cosmological model (a(t) ∝ t 3/4 ), this requirement for the total entropy is
Obviously, to meet the requirement, we need λ 2 = 0 or c 1 = 0. Both conditions result in Γ φ = 0 and the minimal coupling between the scalar field and curvature. However, if the scale factor (a(t) ∝ t 3/4 ) does not correspond to the late of the universe, this requirement can be discarded. As we know, it is a generally received opinion that the late universe will be dominated by vacuum energy and the scale factor will grow exponentially over time. For this solution of the scale factor, we can ignore the requirementS in (t → ∞) → 0 and deem that the only constraint on the coupling parameter λ 2 is (28), which, unfortunately, does not provide more constraints than that from the solution (19) itself.
B. λ 1 0 and λ 2 = 0
a(t) ∝ e ht
For λ 2 = 0 and λ 1 0, if the scale factor a(t) takes the exponential form a(t) ∝ e ht and h
, there exists a trivial analytical solution
where c 1 and c 2 are arbitrary constants and λ 1 > 0. Substituting the solutions back into Eq. (7), the energy conservation condition of the scalar field is always tenable, which provides no additional constraint on the coupling parameter λ 1 .
a(t) ∝ t
We consider another case that the scale factor is proportional to t n . In this case, we just find an analytical solution:
V(φ(t)) = −6λ 1 + e t 2 2λ 1 (t 2 + 3λ 1 ) Γ[0,
where c 1 is a constant, and Γ[0,
] is an incomplete Gamma function. To guarantee that Γ[0,
is a real number, we set the parameter λ 1 to be positive. Note that Γ[0,
] is always positive and
enough, the solution of the scalar field will be an imaginary number. Therefore, the value of c 1 could be treated as a truncation parameter, which determines the minimum value of the time t.
When t goes over the bound, the solution of the scalar field is meaningless.
Taking the solution (31) into Eq. (12), we have
If λ 1 > 0 and t is lager than its minimum value, Γ φ is always positive. The total entropy S in is calculated as
Because S in (t) is always larger than zero, the above constraint condition is equivalent to Γ φ ≥ 0.
From Eq. (34) we can draw a conclusion that as long as the total entropy and particle production rate satisfy relation (14) , the constraint on the system from the second law of thermodynamics is equivalent to requiring the particle production rate to be greater than zero, i.e., particles can only be generated.
If the system achieves stability in the form of a(t) = t, the second derivative of the entropy S in (t) with respect to the time t needs to satisfÿ
We briefly explain that the above requirement is always satisfied for any given c 1 and λ 1 . First of all, S in (t 0 ) can be ignored since it is just a constant. Secondly, through a simple calculation we can find that when t → ∞, the numerator and denominator of Γ Comparing the former case (λ 1 = 0, λ 2 0 and a(t) ∝ t 3/4 ) with this case, we find that the second law of thermodynamics is always satisfied in these two cases. The requirement for the stability of the system either results in Γ φ = 0 (λ 1 = 0, λ 2 0 and a(t) ∝ t 3/4 ) or cannot provide new constraints (λ 1 0, λ 2 = 0 and a(t) ∝ t), which are not the results we expect.
C. λ 1 0 and λ 2 0
a(t) ∝ e ht
When λ 2 0, λ 1 0 and a(t) ∝ e ht , the solution of Eq. (15) is given as
where λ 1 > 0. The scalar particle production rate is
Note that Γ φ is a constant and it is only related to the coupling parameter λ 1 . For this solution the total entropy of the system is given by
which leads toS
The result is usually unacceptable. In summary, the thermodynamic requirements do not provide extra constraints for the coupling parameters.
a(t) ∝ t 3/4
For the stage that the expansion of the universe is dominated by the dust or radiation, we set a(t) ∝ t n . We just find the following analytical solution:
V(φ(t)) = 9λ 2 32 t
where p, q and d are constants. For simplicity, we only consider the case with q = d = 0, which leads Γ φ to be independent of λ 2 , but it is enough to illustrate the problems. The scalar particle production rate Γ φ and the total entropy S in of the system are quite simple:
The second law of thermodynamics requires Γ φ > 0, which means λ 1 > 0. Since this requirement for λ 1 is not necessary in the original equation and solution, we do obtain a new restraint on the coupling parameters by considering thermodynamic properties of the system.
The second derivative of S in with respect to t is
It can be shown that when the time t tends to infinity,S in (t) will approach to zero.
3. a(t) ∝ t n (n 3/4)
As for other cases (a(t) ∝ t n and n 3/4), it is very difficult to solve Eq. (15) analytically. To study the scale factor taking the forms of a(t) ∝ t and V(φ) satisfy, respectively, the following relations:
then the three equations in (15) can be reduced to a higher-order equation of f (t):
If this higher-order equation has an analytical solution, the whole equations (15) will have analytical solutions. Unfortunately, it is almost impossible to find an analytical solution for this equation.
The approximation we take depends on the values of the parameters λ 1 and λ 2 . First, we suppose that the coupling parameters λ 1 and λ 2 are all small quantities, so we may ignore the second and higher order small quantities in Eq. (46), which results in the following approximation equation:
Our approximate solutions are given as
where c 1 is a constant. To guarantee that the range of time t is as large as possible, we need c 1 λ 2 + 1 < 0. The corresponding particle production rate and entropy are given as 
Again we require Γ φ > 0 andS in (t → ∞) → 0, which leads to λ 1 < 0.
As for the case of a(t) ∝ t 2 3 , by applying the similar approximate treatment, the result is similar, so we do not repeat it here.
V. ENTROPY OF THE APPARENT HORIZON
Now, we briefly discuss the entropy of the apparent horizon of the universe, which can always be given by the radius of the apparent horizon [66] [67] [68] [69] [70] [71] [72] [73] [74] :
where G e f f is an effective Newtonian constant. The radius of the apparent horizon is r h = H −1
for the FRW universe with k = 0 [75] . One can simply regard S h (t) ∝ 1 H 2 in modified gravity theories. Apparently, when a(t) ∝ e ht , S h (t) is a constant satisfying the thermodynamic constraintṡ
Unfortunately, as we discussed earlier, when a(t) ∝ e ht , the entropy generated by particle production, usually, does not meet the same requirementsṠ in (t) ≥ 0 andS in (t → ∞) → 0 (at least in our simple Horndeski theory). Therefore, the sum of the entropy S sum = S in + S h cannot satisfy all thermodynamic constraints. Since the scale factor in the late universe is likely to grow exponentially, it is best not to ignore the second requirement. So the result is that Γ φ = 0, i.e., all the coupling parameters must be zero.
In the case of a(t) ∝ t n , we have S h (t) = πt 2 /n 2 , which guarantees thatṠ h (t) ≥ 0 but noẗ S h (t → ∞) → 0. Obviously, the sum of the entropy also cannot satisfyS sum (t → ∞) → 0. As we mentioned earlier that for the case a(t) ∝ t n , since it is not the ultimate evolution of the universe, the second requirement can be relaxed.
VI. CONCLUSION AND DISCUSSION
In the present paper we continued to study particle production based on the works [24, 26] . For this purpose, we need to study a theory with non-minimal coupling between matter and space-time.
Since Horndeski theory contains couplings of scalar field with space-time and also guarantees that the field equations are second order, we considered a simple Horndeski theory as our main research object.
First, by defining the scalar field energy-momentum tensor with Eq. (3), we obtained the energy conservation relation (7) between the scalar field and geometry. We found that the great advantage of considering a specific action of matter is that we can derive Eq. (6b) directly from the equation of motion of the matter, which could avoid complex calculations when the Einstein's field equations is cumbersome. Following Harko's method [24, 26] , we applied the non-conservation of the scalar field energy-momentum tensor to an open thermodynamic system and obtained abstract expressions of particle production rate and the corresponding entropy.
Then, we solved the field equations of the simple Horndeski theory analytically in the context of the universe. The solutions were divided into two categories by the form of scale factor: a(t) ∝ e ht and a(t) ∝ t n . When the coupling parameters λ 1 0 and λ 2 0, we hypothesized that λ 1 and λ 2 are all small quantities and got some approximate solutions. With these solutions, we obtained expressions of entropy evolving with time t. Since the open cosmological systems we studied are thermodynamic systems, one can naturally put forward two requirements on the entropy of system:Ṡ in (t) ≥ 0 andS in (t → ∞) → 0. The first requirement is equivalent to Γ φ ≥ 0, i.e., particles can only be generated. The second requirementS in (t → ∞) → 0 is looser than the constraintS in < 0 [24, 26, 60, 66] .
With the help of thermodynamic properties of the system, we hope to give some new constraints on the coupling parameters λ 1 and λ 2 in the simple Horndeski theory. Unfortunately, most of our results, for example the case of λ 1 = 0, λ 2 0 and a(t) ∝ t 3/4 , show that thermodynamic laws cannot provide more constraints than that from the solutions themselves. And the cases which give new constraints on the coupling parameters (for example the case of λ 1 0, λ 2 0 and a(t) ∝ t can only limit the sign of them and provide no more specific details. The reason may be that the range of the parameter t is always (0, ∞). If the range of time can be more specific, especially for the case a(t) ∝ t n , perhaps the results will be more stringent.
It is worth mentioning that the requirementS in (t → ∞) → 0 (and alsoS in < 0) may be improper when the form of a(t) does not represent the late universe, so this requirement is always negligible unless we really know the final evolution of the universe. But the first requirementṠ in (t) ≥ 0 is true in any case. Fortunately, sometimes even if we only considerṠ in (t) ≥ 0, it could give some new constraints on the coupling parameters (see the example of λ 1 0, λ 2 0 and a(t) ∝ t Finally, we briefly discussed the entropy of the apparent horizon. Since Eq. (52) is too rough, it is not much helpful in our research. In the presence of the coupling of geometry with matter, it is reasonable that the entropy of the apparent horizon is related to the coupling parameters. If so, Eq. (52) should be recalculated. The new formula of the entropy is promising to provide more constrains and our follow-up work will put this as a priority. What is more, if the background space-time itself has entropy, it is also necessary to consider the entropy of the space-time in the sum of the entropy, which is also worthy of our continued researches.
